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The Effect of Self-Gravity in Linearly Perturbed
Euler Equations for a Rotating Thin Fluid Disk

TAKAHASHI Koichi

Abstract : The stability of a rotating thin fluid disk bound by weak self-as well as a central
gravity is studied within the linearly perturbed Euler equation. The algebraic equation that the
eigenfrequencies (EFs) must satisfy is derived and is solved. In absence of the self-gravity
within the disk, it has been known that, in addition to the exponential instability caused by the
imaginary part of EF, the polynomial instability (PI) exists in which the amplitude of the density
perturbation grows linearly in time. The exponential instability is occasional, while the PI is
ubiquitous over the disk. The self gravitation of the disk shifts the phase of the density wave and
gives rise to a new sinusoidal variation of the EF to the radial direction. The WKB-like approx-
imation shows that the net effect of the self-gravity of perturbations is to increase the central
mass.
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1. Introduction

The endeavour to understand the hydrodynamical origin of the structure of spiral galaxies started
from the works by Lindblad (1948 ; 1964), Toomre (1964), Lin and Shu (1964), and Goldreich and
Lynden-Bell (1965). Through successive studies, a close consensus that the arms are density waves
seems to have been reached, although such problems as on the age, winding direction, metamorphosis,
etc. of the arms still remain unsolved (For reviews, see Binney and Tremaine 2008 ; Sellwood 2014) .

In theoretical studies, spiral galaxies are frequently treated as thin fluid disks. Equipped with the
WKB approximation method, the fluid disk models have been widely employed in astrophysical prob-
lems because of their tractability (Griv et al. 2008 ; Binney and Tremaine 2008 ; Roshan and Abbassi
2015). There, all radial variations of physical quantities except for the phase oscillation in the radial
direction are ignored. Supplemented by the assumption of barotropicity of the fluid, the WKB
method provides the dispersion relation and the stability condition that govern the dynamics and the
fate of the spiral structure.

One problem in the WKB approximation lies in that, despite of the starting assumption, the resul-

tant dispersion relation is strongly dependent on the radial coordinate. Another is the appearance of
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singularities in the equations of motion, the Lindblad and the corotation resonances, that require an
additional careful prescription to deal with them (Goldreich and Tremaine 1979 ; Lubow and Ogilvie
1998).

In addition to the problem inherent in the WKB method, the density perturbations give rise to
another obstacle that renders the study to unveil the nature of solitary galaxies complicated. Namely,
the modulations of gravitational interaction among density perturbations alter the pattern of the pertur-
bations themselves.

How does the density wave form and behave? The purpose of this paper is to find an answer to
this question by exploring a solvable disk model of spiral galaxies analysed recently by Takahashi
(2015). In this model, together with the viscosity expansion method for the compressible fluid, Taka-
hashi found novel vortical solutions with new radial velocity profiles. The azimuthal velocity profile
of these solutions survives in the inviscid limit and thus can be a basic state of the corresponding Euler
equation. Furthermore, the resultant density profile is such that the integrated mass is proportional to
the radial distance from the origin at long distances. The rotation curves of the disk were found to be
consequentially consistent with observations.

The stability of the disk model introduced by Takahashi was also explored within the linear pertur-
bations. It is noticeable that the secular equations can be treated rigorously and the eigenfrequencies
(EFs) are exactly determined provided that the self-gravitational interaction can be ignored. The
remarkable fact is that the EFs are generally dependent on 7, the distance from the centre of the disk,
and is decreasing with r at large distances. The tight winding of arms of the density wave takes place
owing to the temporally growing phase —w (7 )¢, where ¢ is the time variable. This gives the basis
for the WKB approximation. In Takahashi (2015), the results of perturbation analysis are concisely
summarized.

The gravity plays the fundamental role in the dynamics of astrophysical disk. In Takahashi (2015),
only centripetal gravity exerted by the central mass is considered. Of course, the effects of the self-
interaction among the density perturbations are of the greatest interest in the dynamics of galaxy and
are remained to be clarified.

In this paper, more general arguments of deriving the local EFs are presented. It will be shown
that there exist a large number of solutions with distinctive temporal behaviours, of which the solution
found in Takahashi (2015) is of the simplest one. The gravitational interaction among the perturba-
tions will also be taken into consideration through the modulations of the gravitational potential.

This paper is organized as follows. In sec.2, the perturbed Euler equation with the axisymmetric
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gravity is solved. A new parameter, s, will be found that distinguishes the temporal behaviours of the
perturbations. The local EFs are obtained for the simplest case of s = 0. A review of the case of the
central point mass dominance is presented in sec.3. In sec.4, the algebraic equation for the EF under

the non-axisymmetric self-gravity interaction is found. Summary is presented in sec.5.

2. Linear perturbation of the Euler equation

Following Takahashi (2015), we consider a thin fluid disk of an inviscid and circular flow with the

inner radius ;. The velocity field is given in the cylindrical coordinate system (r, £, z) by
v=1(0,v0,0), @.1)

where vy is the azimuthal component. The radial and axial components vanish. We examine the
linear perturbation of the Euler equation on the background velocity (2.1) under the action of axisym-
metric gravity.

The small variations of the velocity field, the pressure and the density denoted by
6v=(0v:, 6vs, 6v-), Op and Op, respectively, are generated at time ¢ = 0. These are functions of
radial coordinate r, azimuthal angle § and . In this section, for the sake of transparent arguments,

we further make three assumptions. First, the gravitational force
f :—2nG%fn’p(r’)r’dr', (2.2)

where D(V) is the two-dimensional mass density and G the gravitational constant, that acts on the
fluid element at r is dominated by the central force exerted by the axially symmetric mass distribution,
so that the self-gravitational force among fluid elements due to a small perturbation can be neglected,
i.e., Oft, = Ofoo = 0. Second, deformations are restricted to take place within the disk plane and the
disk itself does not deform. Third, v- is fixed to zero on the disk, i.e., - = dv. = 0. The effect of
the self-gravitation is intriguing and will be treated separately in sec.6. Then the temporal evolutions

of the perturbations are governed by the linearly perturbed Euler equations

2090 0 ? 00,
(8+2 3y) o, — =000 — 7"(”79 +.,@)+ =0, (2.3a)
(8,422 39) oo+ L a0 Yo, + 0P _ (2.3b)
't r 0 4 P A 6 r %) y .
together with the mass conservation equation
(0,422 5) 00+ L 4rodv,)+ L 00600 = 0. (2.3¢)
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Substituting to (2.3) the density wave form

6’Ur — Aez’mﬁ*iwt’ 61}0 — Beimﬂ*imt7 5]7 — Cez’mﬁ*iwt’ 60 — Deimﬂ*imt7 (24)

for the perturbations, equations (2.3a)~(2.3c) are rewritten as

(0 —id)A—29B+ %(C’ — i 1C)— %(r!f +/)D =0, (2.53)
2 / .
(a,—ica)B+MA+ﬂc: 0, (2.5b)
r ro
(6, —i@)D+pA’ —(iw’zp— @)A + ’%pB =0, (2.5¢)

where ¢ = @ —mJ{2and the prime stands for a differentiation in » and 2 = vy/r. The EF @has an r
dependence for the fluid in differential rotation. The differentiation of the Fourier factor with respect
to r therefore yields the factor j’r. Note that, if the set of (2.5a) and (2.5b) is solved for static
amplitudes 4 and B in terms of C and D, then the solution for the amplitudes has the factor
A= 1/(x2—@?) with g = Z/W being the epicycle frequency, thereby giving rise to the
well-known Lindblad resonances at x2= 32 ~ Any divergence should not be involved in real-
ity. Since there exist explicit /~dependences in (2.5a) and (2.5c), some of the four amplitudes will
have temporal dependences. It is such #-dependences which render our system of equations free
from divergences mentioned above.

Before entering into details of our arguments, it may be instructive to recall the case of incompress-
ible vortex studied by Kelvin (1880) for y, « » and Synge (1933) for more general r-dependence (See
also Ash and Khorrami 1995 ; Takahashi 2013). They considered the three-dimensional perturba-
tions on the background field (2.1) of incompressible fluid and the corresponding pressure. The per-
turbations were expressed in terms of a normal Fourier mode with respect to ¢, z and #.  Then, the
flow turns out to be stable for axisymmetric perturbations when ve(rvs) is positive at any spatial
point. In such a situation, ¢ is real and constant and the explicit -dependences in (2.5a) and (2.5¢)
disappear. For nonaxisymmetric perturbations, the stability condition has been found to be more
intricate and does not seem to be suited to practical use (Ash and Khorrami 1995).

In the followings, by preserving the terms with explicit /~-dependence in (2.5a) and (2.5¢), thereby
focusing our interest to the case that w(r) is a nontrivial function of », we will find new solutions
adapted to compressible fluid. The result for the simplest case has been summarized in Takahashi
(2015). Below, we want to generalize the arguments.

The terms with explicit #~-dependence in (2.5a) and (2.5¢) must be cancelled by some #-dependences

in the amplitudes. We may try the simplest polynomial forms
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A=A, (2.6a)
B=2>__,Bt, (2.6b)
C=02,_, ,Ct, (2.6¢)
s+1 :
D=p>" , Dit, (2.6d)

where the powers of ¢ are positive and the coefficients 4; etc. are functions of » only. The temporal
behaviour of the density that is polynomial in ¢ was already noticed by Goldreich and Lynden-Bell
(1965), but for w= 0 only (For polynomial instability of plasma, see Smith and Rosenbluth 1990).

In (2.6), each of the amplitudes 4, B, C and D involves four unknown coefficients so that totally
sixteen unknown coefficients are present, while substituting (2.6) to (2.5) gives sixteen equations.
Therefore, the polynomial expressions (2.6) for the amplitudes are generally necessary and sufficient
to find non-trivial solutions. See Appendix A for details. In the followings, we restrict ourselves to
the minimal case of s = 0 with the non-vanishing coefficients being 4, By, Cy, Dy and D,. Specifi-
cally, D is a linear function of 7 :

D=Dy+Dit . 2.7)

For s = 0, there exist five equations that are linear in five unknown functions 4,, B,, C,, D, and D,,
in which the first order derivatives of 4, and C, are involved. When the unperturbed density is uni-
form and 0" = 0, it is possible to eliminate those derivatives, thereby reducing (2.5) to simultaneous
linear algebraic equations of unknown functions that do not involve their derivatives. Then, by
requiring the existence of nontrivial solutions, it is straightforward to derive the algebraic eigenvalue

equation for ¢ :

A —<2+2a—%>zz—4ma2—(ma)2 =0, (2.8a)
where
_ o(r)
z="g0y—m (2.8b)
. Sadr)
a=1+ Q) a=1 (2.8¢)

Here QZ/m is the Doppler-shifted angular frequency and fg, is the »-component of the gravitational
force (2.2). A concise explanation on the derivation of (2.8) has been given in Takahashi (2015) and
is elaborated in Appendix A.

For a given integer m, there generally exist four solutions, two of which are always real. Both of
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the other two are either real or complex. The EFs are obtained from Z as
w=ow(r)=m+z(r)Q2(r). 2.9
The density wave propagates to the azimuthal direction for m > 0. Its angular velocity is given by
QP:%:(H%)Q (2.10)

The relative speed of the density wave to the fluid flow is given by ZQr/m.

—Rewt is the so-called shape function by which the spiral pattern of the perturbation is determined
(Binney and Tremaine 2008). In general, Rew’s are functions of r that vanishes at long distances.
As t gets large, therefore, the phase factor exp(—iRewt) rapidly oscillates with the change of » over
the disk. This leads to the tight winding of arms, the situation for the WKB approximation to be val-
idated (Binney and Tremaine 2008).

In the WKB approximation, the perturbations are expanded in Fourier components as
a(r)explikr—iw(k)t] (2.11)

where the amplitude « is assumed to be a slowly varying function of r, while, with Rek being large,
the phase factor exp(ikr) is rapidly oscillating. (k) in (2.11), assumed to have no coordinate depen-
dence, gives the dispersion relation. We have seen that the correct phase factor is exp|—iw(r)¢]
where w(7) given by (2.9) has a non-trivial 7~dependence. Does this phase factor have a Fourier
decomposition like (2.11)? The answer is generally no except for special cases. This problem is
elaborated in Appendix C.

The stability of the axisymmetric perturbation is manifested by setting m = 0 in (2.8a). The EF of
the unstable mode is given by 72 =0,2+2a—(rf;,) /(r£2?). The former gives the static solution

o = 0, which exhibits no temporal dependence (See Appendix B). Concerning the latter, we have
0 = 49"+ fo —(ek) . (2.12)

If we choose the Newtonian central gravity (2.2) for fg,, (2.12) reads

w2:492—@($—;p—1>, 2.13)

where M, =21 ,[)r o(#")r"dr" is the mass inside the radius ». (2.13) may be compared with the WKB
result (Binney and Tremaine 2008)

wks = 4Q0* +2rQ0Q" —27Go| k [H-vk3, (2.14)

where k is the radial wave number and, with p being the pressure, v, = (dp/do)"? is the sound velocity.
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The sum of the first two terms is the square of the epicycle frequency. (2.14) with wks <0 gives
the Toomre’s instability condition (Toomre 1964). The appearance of k is due to replacing the deriv-
ative d/dr in the perturbation equations by ik.

The wave number k does not appear in our model of s = 0. This is because, when s = 0, the proper
equation for the EF is not affected from the derivatives of amplitudes. The situation is intricate in
the case of s # 0, in which it is impossible to delete the derivative of amplitudes from the linearized
perturbation equations. Unfortunately, it is quite difficult to determine how @ depends on s, which is
an obstacle in finding the general stability criterion in our model.

The relation between the pressure and the density has been determined not a priori but by the Euler
equation. This seems reasonable for weak gravity because, in that case, the density can vary kine-
matically without affecting the pressure. Thus the sound velocity p, that is usually determined from
the barotropic equation of state does not appear in (2.13).

The system of equations (2.5a)~(2.5c) and (2.6) are sufficient to obtain the exact and tractable
expression for the solution. It is also applicable at the resonances. In fact, we can easily find finite

solutions at the Lindblad and corotation resonance. See Appendix D for details.

3. Solutions to (2.8) and the polynomial instability

The eigenfrequency equation (2.8) has been solved in Takahashi (2015) for some cases of gravity
strength. It may be interesting that complex modes emerge for| m | =2 when the gravity due to the
central mass is weak and the disk mass is totally ignored.

Below, we summarize the results for finite gravity.

3.1 Central mass dominance

Let us consider the case in which a mass M, locates at the centre of the disk of low density and is

exerting the gravitational force f;,=—GM,/#* to the fluid. The interactions among disk masses are

neglected. Noting that (rfs,)'=— fg, for the Newtonian gravitational force, we parameterize a given

by (2.8¢c) as
S«
a—1+r‘Q2f1 07 3.1
and rewrite (2.7a) as
7*—(143a)72* —4maZ—(ma)* = 0. (3.2)

For a given £2(r), it is easy to find numerically the EFs from the roots of (3.2) for arbitrary a defined
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Fig. 1 The model rotation curve vy (solid curve) and the corresponding circular frequency (2 (dotted curve)
used for calculations of EFs.

by (3.1). The results have been given by Takahashi (2015). In the followings, we argue the case of
the flat rotation curve presented in Fig. 2 in the above reference.

The units chosen are 10* ly=23.1 X 10’ pc and 100 km/s for the length and the velocity, respectively.
The unit of time is therefore 10* ly/100 km/s=3 X 10" yr. With these units, writing the central mass
as N times the solar mass, ¢ is given by

a=13x10""N. (3.3)

Some typical examples of ¢y for ¢ =10 and m = 2 are depicted in Fig. 2 together with w1+ = mQ+«
and ¢ = m{2 that correspond to the Lindblad and the corotation resonances, respectively. The sin-
gularities at @ = wr+, wc,which we shall call the L.- and C-singularity, respectively, are inherent in
the self-consistent WKB approximation (See, e.g., Binney and Tremaine 2008). From Fig. 2(a), we
see that it is impossible to avoid all of the singularities. There exist a bifurcation point A and a
coalesce point B. The gross basic patterns of )’s do not change for other choice of parameter values
(except for m = 0).

Six branches of Rew'”, j =1, II, III, IV, V, VI, are observed in Fig. 2(a). The branches I, ITI, TV
and V are real and are of neutral stability. The branches II and VI are of complex ones, each of
which are denoted as II, II’, VI and VI’, where the prime denotes the branch with a negative imaginary
part. ® is real and decreases monotonically as 7 increases. ™ bifurcates at A (7 = r, = 3.8) to
real ™ and real 0. ™ and ™ coalesce to ™" at B (» = 5 = 4.2). The complex ¢’s are of
exponentially growing and decaying modes for 6v,., dvs and Op.

The density perturbation evolves in a way different from the velocity and pressure. Because the
amplitude D given by (2.7) is a linear function of time, there exists a section AB in which the eigen-

frequencies are all real but D of all modes grow linearly in time. This is the ‘polynomialinstability
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Fig. 2 Solutions of (5.10) for the rotation curve with ki/k=11in Fig. 2and m = 2. (a) Rew Vs. 7. wr+ (dashed
and dot-dashed curves) and wc (dotted curve) are labelled by L . and C, respectively. (b) Imw Vvs.
(¢) Imw Vs- Rew. Parameter values are @ = 10,k = 101y > wg/r is also shown by dotted curve in (a).

section (PIS)’ (Takahashi 2015). This linear growth is attributable to the modulation of matter veloc-
ity, by which fast moving matter catches up with or runs ahead of slow matter. Concerning the den-
sity, all of the four modes are ‘unstable’ in short term because of such one-way amplifications of
oscillations.

Obviously, the growth rate of perturbations is smaller in PIS than inner or outer region of exponen-
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Fig. 3 r,and rp as functions of @.  Values of other parameters than @ are same as those in Fig. 4.

tial growth. In reality, no discrepancy in the growth rates of spiral arms in a single spiral galaxy is
observed. In other words, the PIS seems not to be preferred in real galaxies.

The bifurcation point A and the coalesce point B shift left or right as a gets smaller or larger, respec-
tively. We observe approximate linear dependences of r, and r on ¢, particularly for large ¢ as is
shown in Fig.3. ¢ =20, which corresponds to 15X 10" solar mass, gives r,>7 X 10" ly. Sufficiently
large central mass expels the PIS too far from the centre of the disk to be observed.

3.2 Finite disk mass

In case ¢ is small, the mass of the disk will play a role. This corresponds to the existence of the
dark matter. Here, we aim at getting an insight into the effect of the disk mass by referring to (2.2)
for the expression of gravitational force. After small variations were taken, the strongest inter-matter

interaction will be the one between 6o () and the mass inside the radius r
Mdr)=2z["0(")rdr . (3.4)

Since M, is a function of 7 only, we may express an approximate gravitational force in the variational

equation (2.3a), i.e.,

GMdr
o GM{r) (3)
Concerning My(r), several kinds of behaviour are possible near the disk centre, while, for ¥—oo , M,
grows linearly in r (Takahashi 2015). Once o(r) is fixed, finding the EFs numerically is a rather
easy task. Grossly speaking, the distributions of EFs are determined by ¢’ = ¢+ < GM4>, where

<GMy> is some characteristic value of GMy(r). In other words, the stability of the massive disk is

very similar to the one that consists of a central mass with a modification ¢ — ¢’ that has been consid-
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ered in the previous subsection.

4. Effect of perturbed gravitation

We here estimate the effects of the self-gravitation due to the density variation within the disk.
The perturbation equations (2.3a) and (2.3b) are modified by equating l.h.s. of these equations to the

gravity modulation 6 /5, and & f6, respectively, where (8 /6, 0 fé0) = —(0,, ¥ '09) 0D and
__ G oo(r)
O(r,0)=—4=/ PanE (4.1)

where 80 (r) = 0o(r)0(z) with o(r) being given by (2.4).

The resultant integro-differential equations may be converted to the higher order differential equa-
tions with use of Poisson’s equation V26® = 47Goo(r). The eigenvalue equations corresponding
to (2.5) now involve terms of the second and third powers of ¢, which renders the problem awk-
ward. Instead, in order to see the effect of self-gravitation, it is convenient to seek an approximate
expression for 7§ that has an explicit factor ¢~ that is common to all the perturbation ampli-

tudes. For this purpose, with the help of the Gauss integration formula, we express (4.1) as

}’ t) elmO' —ia(r )t

2 —2p" cos(0' —0)+r?

r'dr’df’

5@(/‘,1‘):* f /r

4.2)

im
= Ge f fm D(r',t)e” i p=(r2 4y (20 $2) ¢ dr’ ds

where /,, is the modifies Bessel function of the first kind.

We restrict ourselves to the case that there exist the wound spiral arms of density modulation, i.e.,
m>1 and to the point far from the core region, i.e., 7>r; where r, is the inner radius of the disk. Fur-
thermore, we assume that 'D(r")I,, (2r+'s* ) rapidly approaches zero as 7'—0 and the integration in (4.2)
is governed by the form 1,(z) ~ 7/ /27z with a restriction| z |> 1.  In terms of the variables ;and s,

this implies s > 1/4/2r" . Then §¢@ may be approximated by

G[mﬁ —iolr —(r'=r vzd
00~ = 2 dr [ DY ) e (4.3)

Next, the 7/-integration is performed by replacing ¢~ by 6(+" —r)/ 7 /s, which will be valid

when | D(r)| is very small near 7 and (7 )is slowly varying. Thus we have
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L Ge[mﬁ' . —iolr) ﬁ ds
00 27 -[l/<ﬁr)D(r’t)e [ s s
“4.4)

If the factor  on the r.h.s. of (4.4) is replaced by AR, the pitch of winding of spiral arms, then the
expression (4.4) is essentially same as the expression obtained by the WKB approximation (see, e.g.,
Binney and Tremaine 2008). Write w1 = Rew. In the decreasing region of wi, then, AR for trail-

ing spirals in our model is related to ¢ by
o(r+AR)—w(r)=—2rm/t, |m|=1, 4.5)
Expanding w:(r+AR) in AR up to the second order, we have
AR~ — Q}T(a)hL Wi2—dzma/t ). (4.6
i

For w; = wi/r? with wi >0 and p>0, (4.6) leads to

- r 1 _ Azmr?
ARNPJFI r\/(p+1)2 wp(p+1)t - “.7)

In the region where r”/t ~ wip/(4xm(p+1)), therefore, (4.4) is equivalent to the result by the WKB
approximation.

The contribution of perturbation to each component of f is given by

L = — ~ r L’ — im0 —iwt
b for=— 0,60 ﬁ( D — i) GDe ™, (4.82)
0 foo=— 17896(25 ~ j;"—n GDe™ 1, (4.8b)

Placing (4.8a) and (4.8b) with their Fourier factors being deleted on the r.h.s. of (2.5a) and (2.5b),
respectively, yields the modified equations of perturbations. In this modification, a replacement of
gravitational force

Dr

for = for +ﬁ<7 - 'w’mt)Gp (4.9)

is taking place in (2.5a). Since fg, is negative, this replacement acts to enhance (suppress) the effect
of gravity by the central mass if D'/D is positive (negative) as long as the radial motion is concerned.
As the time elapses, the change in the phase indefinitely develops.

A, iB, iC and D are chosen to be real when 0 fi is neglected. Therefore (2.5) and (4.8) mean that,
concerning the azimuthal motion, the self-gravitation gives rise to the phase shifts. An additional
effect of 0 fao on (2.5) is that the amplitude 4, B or C will acquire a term linear in ¢ because D with m>

1 is already linear in ¢.
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The derivation of the eigenfrequency equation is straightforward but cumbersome. The details are

relegated to Appendix E.  The result is

e 2o

z‘*—( (UI'te) | ITte |, 2rQ

Il+e
? r82* 0Q §

2
+4>Z +4m s

)2 =0, (4.10)
where I1=—r* —f;, = —r% and e =(Gro/y/27). Z and a have been defined by (2.8b) and
(2.8¢), respectively. (4.10) reduces to (2.8a) for e = 0.

It has been proved in Takahashi (2015) that o « 1/rfor large r, so that € will asymptotically behave
as 1//%. Furthermore, on the basis of the analyses in Takahashi (2015), it is easy to show that the
next-to-leading term is d_,/#* with d_, > 0 for the family of solutions with constant rotation curves.
Therefore, in such solutions, (r0) « 1/#2< 0 for ;- - co, meaning that the effect of the intra-disk inter-
actions at long distances on the eigenfrequencies is equivalent to increasing the central mass of the
disk. The increase of the central mass is reflected as the increase of the parameter ¢ in (3.1). From

Fig. 3, this implies that the PIS is expelled toward the outer region of the disk.

5. Summary

The linearly perturbed Euler equations were solved for an axially symmetric and differentially
rotating thin fluid disk bound by a central gravity and/or pressure gradient. The self-gravitational
interaction among the fluid elements was approximately taken into account. The algebraic equation
for the EFs was obtained. The EFs depend on a parameter s which specifies the polynomial structure
of amplitudes in time variable . The case of s = 0 that corresponds to the previous work was solved.
The EFs are all real in some cases, can be complex in the other, depending on the relation among the
gravitational force, centrifugal force and pressure gradient. In all cases, the amplitude of density per-
turbation grows linearly in time, irrespective of the form of rotation curve. In this sense, the axially
symmetric rotating thin fluid disk is unstable.

The self-gravity due to perturbations is approximately estimated by the saddle point method and is
found to yield an effect equivalent to increasing the central mass. Accordingly, the PIS is shifted fur-
ther outward of the disk.

The system considered does not have one to one correspondence between the density and the pres-
sure. Namely, the fluid must be baroclinic. ~Specifically, the density modulation takes place as a con-

sequence of velocity modulation and occurs at zero pressure. This is the reason that the stability
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condition of our system does not take the form of Toomre s (Toomre 1964).

Appendix A : Equations for the amplitude coefficients in (2.6)

In this appendix, we derive the equations for the coefficients in the polynomials (2.6). Substituting
(2.6) to (2.5) and matching the coefficients of the same powers of 7, we have (All suffices are zero or

positive integer.)

(i+1)Aie1 —i@A;—20B; +C',; +<%—iw')cﬂ +1ID; = 0, (A1)
29
(i+1)Bis1 —idB:+ (r2) Sy, +ﬂc =0, (A2)
i+1)Dis1 —idD; + Ai—idAi— +MA,-+’ﬂB,- =0, (A3)
ro r

where — 1= r£*+f;is the sum of the centrifugal force and the gravity (per unit mass). In other
words, /7 is the pressure gradient per unit mass of the unperturbed system. Here the suffix of each

amplitude stands for the associated power of £. (A1) ~ (A3) are rewritten as

(s—3)4,-3=0, (A4)
(s—2)Ai2—idAs—3—209B,—3+Ci—5+ % Ci—3 =0, (AS)
(s—1)As—1 —idAs—>—280B, >+ Cs—2'+ % Cs—2—iw Co—3+1IDs—> = 0, (A6)
SA;—idA;—1 —20B;— +Cs—i+ %’CH —iw’ Cs—2+1IDs—1 = 0, (A7)
i@, +20B,—Ci— %Cs +iw/Cy—1 —IID, = 0, (A3)

i C,—IIDs 11 = 0, (A9)

(s—3)B, =0, (A10)

(=28, s—iam, s+ "Dy i, (A1)
(s—1)By-1 —i@B, >+ (FZQ) At c, =, (A12)

SBs —iwBs— +—"— (;ﬂ_Q) As— +%Cﬁl =0, (A13)

8.~ MAS —im e g, (A149)

(s—2)Dys + 4y O “‘” At imp =g, (Al5)

(5= 1)Dsoy —i@D, 2+ Ay —ic Ay + (rr ‘; V4, +Mp, =0, (A16)
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( )

As 1+lmBs 1_0 (A17)

(w)

sDs—iwDs—1 +As— 1*1(1),143 2+

(s+1)Dys1 —idDs + A, — i’ A + Ad—ﬂBs 0, (A18)

@D+ +w A; = 0. (A19)

From (A4), (A10) and (A15), we have 4, ;=B ;=D, ,=0 for general s, thereby leaving thirteen
equations for thirteen unknowns.

Since these equations involve the derivatives of amplitudes, further approximation that replaces the
derivative by ik is usually invoked. This is noting but the one that consists of the WKB method.
However, when s = 0, (A4) ~ (A19) enables us to derive the exact algebraic equation that the EFs sat-

isfy as is explained in Appendix B.

Appendix B : The case of s =0

In this appendix, we derive (2.8a) for the eigenfrequency . Let us consider the case of s = 0 in

Appendix A. Recalling that the coefficients with a negative suffix identically vanish, (A4) ~ (A19)

reduce to
IID, = i’ C, (B1)
@Dy +ow' 4 =0, (B2)
igA+208— 1L p,=L ¢, (B3)
0 0
i®B = (FZQ 9y, 4 C. (B4)
iDo— Dy — @A —pd' =" pp =0, (BS)

Here A=A, B=By,and C=C,. As mentioned above, the wave number £ may be introduced in (B3)
and (BS) by the replacement d/dk—ik. We will see below that ¢y for =0 does not depend on £.
There exist five equations for five unknown functions 4, B, C, D, and D,. By using (B1) and (B2),

Cand D, are expressed in terms of 4, thereby C and D, can be eliminated from (B3)~(B5) to yield

[—( ‘)H 2 A+2z.Q B= @%—A’, (B6)
2 4
5B = [L Q) mil, (B7)
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' ; BS
5L i (o) ]A—MB:O. (B8)
0 ) 7o r
From these equations, i&Do/o — A’ is eliminated and we have two linear equations of 4 and B :
@ (oIl )’7 @, o (o) @ m
GAplY(d) e e Mo\ B9)
iB () wm II o B
r rw

Note that no derivatives of amplitudes are involved in (B9), which enables us to resort to no further

approximation. Nontrivial solutions exist when det G =0 or

@’ ﬂ)’_@_} o) e m\(PR)  m T
W( )t = w+(zQ ) . nLil—0. @10

(2.7a) in the text is obtained by rearranging (B10). D, the initial density perturbation, remains unde-
termined.

In the text, we have seen that the EF equation for m = 0 gives a solution w=w= 0. In this case,
however, the matrix elements of G are undetermined, so that we have to go back to the original equa-

tions (B1)~(B5). We readily have
A=D1 =0, (BI1)
C’+1IDy = 2082B. (B12)
(B11) means that the amplitude of the density perturbation does not have the z-dependence. (B12)
expresses the balance of the pressure gradient and the centrifugal force.

Appendix C : Impossibility of Fourier transformation of exp[—iw(r)t]

Here, we show that the double Fourier transformation of exp[—ia)(r)t] generally does not exist.
Suppose that (7 )is a real, continuous and non-constant monotonic function of 7 and that the expres-
sion

e = [[a(k,v)e* ¥dkdy (@)
is possible. Here the integration in (C1) is supposed to be well-defined, so that the order of integra-

tions is always interchangeable. Multiplying both sides by exp(iv¢)and integrating them with respect

to ¢t over —oo < ¢t < +o0 , we have
o(v—w(r))= [a(k v)e“dk. (C2)

Further multiplication by exp(—ikr) and integration with respect to » over —oo < r < +o0 yields
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! L —ikn(v C3
a(k,V):ﬁfﬁ(u—a)(r))e kdr_giﬁ\wléy) o), (C3)

where 7y is the root of @(r) = vand w, = dw/dr/,-,,. n(v),m(v) and a(k, v)are continuous functions
ofy. (C3) is the formal expression for the Fourier transform of exp(—iw(r)t).

Now, evaluating (C1) at = 0 yields
1= [[a(k,v)e*dkdy = [[ a(x/r, ry)e"dxdy, (C4)

where the integration variables are changed by x = k» and y = y/r. The integration in (C4) must not
depend on r. This is possible when the dependences of a(x,y) on x and y appear through xy, i.e., a(k, v)
is a function of ky. Together with (C3), this requires w, be a constant and r, be proportional to y.

Since r is a root of w(r) = v, the proportionality of 7 to y is assured when ¢ is a linear function, or
wo(r)=wr. (C5)

Of course, constant ¢y is also allowed, i.e.,
alk,y)=06(k)o(v—w). (C6)

For other forms of ¢, consistent Fourier transformation of the form given by (C1) will not exist.

Appendix D : Resonances

There exist two cases in which the system (A1)~(AS5) must be treated carefully for nontrivial solu-
tions.

1. Lindblad resonances : Let the external force and the pressure be zero, i.e., C=I1I=0. Then

we have
@Dy +ow' 4 =0, (DD
BA—20iB =0, (D2)
@iB = MA, 3
A+ a’(r:)p)A+%iB—%iDO+%Dl =0, (D4)

where @ = w—m£. (D2) and (D3) lead to the condition for the Lindblad resonances, ®* = x2,

where xis the epicycle frequency. The amplitudes at the resonance are obtained by solving, e.g., the

equation for 4 :

A, o) 1, m(PQ)\ & iDy
Tt +5<a)+ . o =o. (D5)
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(D5) does not bear the singularities associated with the Lindblad resonances.
2. Corotation resonance : By definition, ¢ = (. In order for (A1)~(A5) to have nontrivial solu-

tions, we impose additional conditions

I o _
o g, =1, (D6)

where & and 7are arbitrary finite functions of ».  Then, we have

EDy = 7iC, (D7)
Di+pnd =0, (DY)
208 = %c’, (DY)

(”29), m .
TA+$ZC7O’ (D10)

(r )

oA+l g "0iB+Di = 0. (D11)

There are five equations for four unknown amplitudes. The equation corresponding to (D5) is

(P2) \a | (o) (0(PQ)) _
<1_ 2rQ2 ) A + o 202 T (D12)

7 puts the boundary condition. & is used to keep the consistency.
At present, whether the dynamical systems (D1)~(D4) and (D7)~(D11) in fact have physically

meaningful solutions is an open question.

Appendix E : Taking account of gravity within perturbed disk

The density perturbation gives rise to the modulation of gravity, which in turn modifies the per-
turbed Euler equations and the continuity equation as follows :
—iwA—20Q(Bo+1B))+ %(ca +1C— i t(Co+1C ))—%(n@ +f (Do +1tDy)
(E1)

_ %(Dé +D) —ia/ 1Dy +1Dy)),

2
o+ 72) 9) A+ﬂ<C0+Z‘C1) im—SE(Do+1Dy), (E2)
V2mr
o N (0) lm _
Dy —i@(Do+1tDy) 404" —\iw'to— A+ pB =0, (E3)

where the amplitudes C and D have been assumed to be linear in . Comparing the terms of £, ¢' and

£, we have
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£:
Gro
G = D
| Jar I (E4)
£
Ly o 11 Gr
;(Cl_lw Co)-i-? 4(/7D1 —iw' Do), (ES)
im imG
o O ar P (E6)
—ioDr—w' 04 =0, (E7)
£
_ Q
iA—20B+- Co+ Do = (E8)
ZQ
_iop+ 2, ﬂ Co= (E9)
Dy —idDo+ 04"+ (v ) AL g+ g =, (E10)
where 1= —r8*—f;. Since (E4) and (E6) are equivalent, we are left with six equations for seven

unknown functions 4, B, Cy, C,, D,, D, and ¢.

We aim to obtain an equation of a single amplitude, say, 4. From (E4) and (E7), we readily have

Di=—04, (E11)
G 4
C= fﬁ%A. (E12)
Rewrite (ES8), (E9) and E(10) as
iwA+20B = ;) Co— 72 D()>+L[<7%>+H]Do, (E13)
() o im Gro
U2 amion=—in{c— G p,) (E14)

A’+<—(m) — >A+’ﬂ3—z “-Dy =0, (E15)
ro w r o

respectively.

Eliminate C, from (E4) and (ES5) as

< Gro , Gro

Dy— i Co+11D1 =— D
m) L —iw" Co 1 @ \/E (]

Rearranging the terms with a use of (E11), we have

_Gro ,, _ |{ Gro Y 0
o= Gep <m>+ﬂ]wTA. (E16)
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Substituting (E16) to (E13) and (E14), with &€ = (Gro//27 )

@A—2QiB+ %(HJFS)DO <[((H+ 5%) A+(T+e) s a (E17)

—icZ)B—i-( Z“Q) A= —(174— )A. (E18)

(E17), (E18) and (E15) for 4, B and D, are remaining. (E18) is used to eliminate B from (E15) and
(E17) as

(ro)

A +< —¢>A+ (r2“Q)
ro 10} j20)

=i% Dy, (E19)

a?A—ZQﬁ[Lm—l(H+e)]A+(H+e)iD :(H+e)ﬂA’+((H+e)£>,A (E20)
o ol r 0 @ o)t
respectively. From (E19) and (E20), one can eliminate 4" —i(@/0)Do to obtain
. o((FP2) _m oY
o208 "2 —m(r11.0))~((rve)2 ) |4
_ ol (ro) @ m _m
(Hﬂ)a[—m (20 ﬁ(IYJre))]A,

where a use has been made of the relation ¢ = @+m(2. Assuming that 4 # 0, the eigenfrequency

equation (4.10) that takes the self-gravity into account is obtained.
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